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Undiscounted Finite-Horizon Tabular Markov Decisions Processes * s a statistic of the form s(n) = Ez.,|f(Z) or s(n) =
M(X, A, P, R, H): Algorithm 2 Pseudo-Algorithm: Exact Planning with Distributional RL - uo,1y |8 (T)F, H(T)], Bor f L-Lipschitz.
« X and A the finite State Space and Action Space 1: Input: model p, reward R, statistical functional s » The Quantile Parametrization with Resolution N : II(n) = ~ >_ 6.,
N | ) 2: Data: n € REIYIAIN 3, ¢ RHIXIN with z; € F—1 (241
» P the Transition Kernel: xp1 ~ p;"(zp, ) 3: Vo e X, vE., =0 n \2N

4: for h = H%ldo

. " . . . -~ (xhaah) T.q T, / . . . =
V}\?itt[:' eAFz’andom Heward of distribution p: 7 ~ p) , bounded 5 ( @) — P% * ) o Pr(r, ' )vp . Vr,ae X x A Theorem 1. Let 7, be the approximated return distribution
R - u;; _ ngx,a ) g e argmaxas(ng"’"“)) Ve € X computed with Algo.rlthm 1. Then, the error with the computed
* H the horizon 7: end for o statistic i1s bounded:
8: Output: Vo, a,h
We write Z7 (s,a) = S.i, 7 | sn = s,an = a,a; ~ 7(s;) the return, and P sup |s(7; s a)) s(nfrx;f’))\ < LH2—AR .
(s,a) - . : z.a.h ; I'N

n;, .  Its distribution.

— Intuition : Dynamic Programming is used to compute distributions
of the return. The actions are chosen to optimize the statistic at every

. — The error is up to quadratic in the horizon.
timestep h.

— Objective of Distributional Reinforcement Learning : Estimate the

whole distribution of the return, instead of only the Expectation. Definition. A statistical functional s is said Bellman Optimizable

If Algorithm 2 outputs an optimal distribution for s:
— There exists a Distributional Bellman Equation:

R~ pp = R~ pp =
\V/QZ‘,CL, h7 nfrxha) T IOh a) th L, Z’ 777(1'th1+1($)) y (1) ®—'® —’( : )—> —®
A Bellman Optimizable statistical functional necessarily verifies 2 prop- vh € [H], p(h + 1|h,a = 1)
— In practice distributions are not tractable : they need to be erties:
parametrized.
 Independence Property: If v1,v, € Z(R) are such that s(vq) > Figure 1: Chain MDP with a stationnary reward 5(0.5).
2.0 v
Algorithm 1 Parametrized Policy Evaluation for Distributional RL s(v2), then CVaR(0.1) error 3 — Approximation Error /
) . ) ) Scaled CVaR(0.1) bound g 15 4 == Cumulative Projection Error /
- - 4 o — d . crror & —— eoretical Error boun
1: Inp.ut..model p, reward distributions p;, policy = to evaluated, II Vs € Z2(R),VA €[0,1], s(Av1+(1—=Nv3) > s(Ava+(1—N)vs)) . ' gllfﬁ(ézvS;R(o.zsmund : Theoretical Error bound
projection. E 5 10
. : H|X||A|N , | z
2: Data: n € R ) « Translation Property: Let 7. denote the translation on the set of 2 0
3: Vr,ae X XA, ng™’ = do distributions: 7.0, = d,4.. If 1,15 € Z(R) are such that s(v1) > =
4: forh=H —-1— 0do s(12), then ' ' ! ! "
| (x,a) B a (CB 7Th—|—1(33 )) \v/ X A y 0 20 | 40 60 0 20 | 40 60
o: m, — ph(ZIZ, CL) * Zx/ ph(a:' T )77h_|_1 T,a c X Ve € R) S(Tcyl) > S(TCVQ) . Timestep h Timestep h
. (z,a) _ (z,a)
6: "k = 11 (nh ) Vr,a € X X A Figure 2: Right : The Wasserstein Error is the sum of the successive Projection Errors.
7- end for Left : The CVaR Error is quadratic in the horizon.
8. Output: ' vz, a, h Theorem 2. The only Bellman Optimizable statistical function-

als are exponential utilities Uex, = 5 logE [exp(AR)] for A € R,
with the special case of the expectatlon % [R] when A = 0.
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